The simulation of plane impinging jets using the Lagrangian technique of smooth particle hydrodynamics is presented. In Section 1 the impingement of a plane jet onto a stationary surface is considered for Reynolds numbers 800, 4000, 8000 and Froude number 4. For each case, the height of the associated streams is measured and compared with both experimental and theoretical results. The agreement between these results is found to be close for most impingement angles. In the second section, impingement onto a moving surface is considered for Reynolds numbers of 50 and 800 and Froude numbers of 1 and 4. The preliminary results show that the moving surface can lead to some spatial height variation in at least one of the streams. Ó
Introduction
Free surface¯ows occur in a wide variety of situations in both industry and the environment. However, due to the problems associated with the implementation of appropriate boundary conditions on a surface whose position is constantly changing, such¯ows are often arduous to model numerically.
Of speci®c importance is the study of impinging jets, the use of which is widespread throughout many industries. For example, impinging jets are frequently encountered in VTOL aircraft,¯uid mixing, fuel ®lling, combustors and ejectors, ventilation, electronic component cooling, in the annealing of non-ferrous sheets, and in the cutting of rock in the mining industry.
Of particular concern in the present study is the use of impinging jets in the coating of surfaces, which is often widespread in industries associated with the application of corrosion inhibiting agents, paints and dyes, magnetic ®lms on tapes, and laminates on paper products. In extrusion coating, for example, a thin layer of¯uid is deposited onto a moving substrate, with the liquid then solidifying as it passes through an oven. In these situations, the aim is to achieve a uniformity in the coating thickness and thus ensure that no undulations or voids are present in the ®nal product.
From a numerical stand-point, what often makes coating¯ows dicult to model is the fact that the region of space occupied by the¯owing liquid is not always known in advance, but is itself part of the solution of the hydrodynamic equations. The plethora of dierent coating techniques only helps to reinforce some of the practical diculties that are associated with coatinḡ ows. Ruschak [1] describes in detail some of the problems that are often encountered. Smooth particle hydrodynamics (SPH) is a Lagrangian technique, and as a result it requires no grid. Its in-built ability to automatically track the position of the free surface, while also handling any spatial surface gradient, may therefore make this scheme a useful tool in the study of free surface behavior. This technique was ®rst utilised to investigate complex astrophysical phenomena [2, 3] . However, more recently it has been applied to almost incompressible¯ows, with Monaghan [4] , Thompson et al. [5] and Takeda et al. [6] considering SPH's applicability to a number of test problems in which the¯uid was assumed to be nearly incompressible (that is, uctuation in density were limited to order 1%). In addition, its roots in astrophysics have ensured its application to¯ows involving magnetic ®elds, and while such¯ows are not investigated here, the potential to exploit this knowledge for applications involving magnetic ®lms is still untapped.
The present work is divided into two parts, with the ®rst looking at the heights of the two streams associated with the impingement of a plane jet onto a stationary¯at surface, while the second involves an investigation with a moving surface. The problems to be examined here provide a further test of SPH's ability to handle free surface¯ows. In the ®rst case, the heights of the two streams from an impinging plane jet onto a stationary plate will be compared with the results of experiment and theory. This problem is considered because it enables the incorporation of free surfaces, while still remaining relatively simple, and also allows for both experimental and theoretical validation of the results. The second case is considered because of its importance to many industrial applications.
Section 2 highlights the basic formulation and governing equations, while Section 3 will look at the results and their discussion.
Formulation
The governing equations in SPH determine the characteristics of each of the interpolating points or particles. These equations will now be presented.
Momentum
The momentum equation is obtained after applying theory of integral interpolants to the modi®ed Euler equation,
where V is an arti®cial viscous pressure [7] . The resulting momentum equation for each interpolating point denoted by the index i, is then given by
where m ij represents the arti®cial viscosity.
Arti®cial viscosity
The arti®cial viscosity used here is that given in [8] which is as follows:
where
which has been shown to conserve both discrete linear and angular momentum.
In the above expression, a and b are both constants. For the almost incompressible case being examined here, we may set b 0. The other parameter, g, is simply as small constant chosen so as to ensure that the denominator remains non-zero; in this case it is selected to be 0X01h 2 . The eective kinematic viscosity of the¯uid is then proportional to ah, with the constant of proportionality being dependent upon the interpolation kernel; for the cubic spline and quintic spline kernels used here, this constant is found to be 1/8 (see [9] ).
Alternative viscosity models are prescribed in [6, 10] .
Continuitỳ`I
ncompressible'' SPH requires a small but ®nite degree of compressibility, and as a result the density at each point will vary slightly.
Although the density can be expressed directly as a sum involving the smoothing kernel, it is more desirable when attempting to model free surfaces to use the continuity equation which gives
This is because this formulation does not lead to smoothing of the discontinuous density change at the free surface.
Equation of state
In order to determine the value of the pressure at each point, an equation of state is required which links the pressure to a variable, or series of variables which are already known.
The equation of state used here is that given by Batchelor [11] , with the modi®cations given in [5] ,
In the investigation undertaken here, c was, as in [4, 5] , chosen to be 7.
Kernel
From the momentum and continuity equations (2) and (4), it can be seen that the properties for each particle are dependent upon those of all the other particles. However, since it is the choice of the interpolating kernel that aects the degree to which the surrounding particles interact with one another, it is practical to select an appropriate kernel, such that only neighbouring particles exert any in¯uence.
Two dierent kernels were used in this investigation, both having the property of compact support (that is, the kernel has a ®nite range in which it possesses a non-zero value). The kernels used were the cubic spline kernel which is given in [12] and the quintic spline kernel of [13] . It should be noted that both kernels should produce results of accuracy O(h 2 ), where h is the smoothing length.
Boundary forces
The boundary forces used in the present study consisted of either a Lennard±Jones force (which is described in [4] ), or a system of multiple layers of particles.
The Lennard±Jones force, in the absence of an additional viscous model for boundary behavior, can only be used on its own in cases in which the boundaries are assumed to be free slip. For no slip boundary conditions, it is necessary to employ a particle boundary arrangement.
Results and discussion

Stationary plate
The simulation of an impinging jet over a range of orientation angles of the jet to the vertical, was investigated for the following Reynolds number and Froude number combinations. The Froude number, which in this case is the dominant parameter governing the behaviour of the system, was chosen to be 4.0 to match the experimental results which were performed at Re % 6400 and Fr 4.0.
The basic setup of the numerical system involved a series of particles being ejected from a noninterfering nozzle with a uniform velocity pro®le. The pro®le was assumed to be uniform for ease of numerical implementation. The Reynolds and Froude number values were then based on the initial jet velocity and the nozzle width.
For cases in which the boundary consisted of a series of particles, either two or three layers of particles were arranged to ®t the boundary. These boundary particles were then ®xed in space, with only their density being allowed to vary. The density of the boundary particles was permitted to change so as to allow the boundary to respond to any¯uctuation in the pressure associated with the motion of the¯uid particles. In this case the boundary better captures the interface between the¯uid and solid wall.
The resolution of the system is dependent upon the smoothing length and hence upon the number of particles. For all the cases investigated here, the smoothing length, h, was chosen to be 1.2 times the particle separation. However, particles of varying smoothing lengths, and hence resolution, could have been used. In compressible¯ows, such as those that often occur in astrophysical situations, automatic variation is possible; however, in the incompressible case it is not such an easy task, and as a result a ®xed resolution was used.
For the simulations involving the stationary plate, approximately 25,000 particles were used (50 particles across the inlet). For the entire range of Reynolds numbers investigated, the boundary plate was modelled with a Lennard±Jones force, and the cubic spline kernel was used.
In addition for the Re 800 case, the boundary was also modelled with layers of particles, and both the cubic spline and quintic spline kernels were used. In this situation, dierent kernels and boundaries were adopted in order to test the sensitivity of the results to the type of kernel and boundary employed. The results of such a comparison indicate that at least for the case of an impinging jet, the type of kernel and boundary used has little in¯uence on the ®nal result.
For each of the Reynolds number combinations, the heights of the upstream and downstream ows were measured for the angles of 10±80°, at 10°increments. Fig. 1 shows an example of the experimental ®ndings, which were undertaken at Swansea, for an injection angle of 40°, with Fig. 2 illustrating the equivalent numerical result.
In order to validate the SPH results, a comparison with theory and experiment was undertaken. The results of such a comparison are highlighted in Figs. 3 and 4 which show a good agreement between the numerical, experimental and theoretical results. Note that all the numerical results in Figs. 3 and 4 have been time averaged so as to reduce any inherent transient behaviour.
The experimental results were measured directly from blown up photographs, and have as a consequence an error associated with them.
In order to measure the heights of the streams in the numerical case, each stream was divided up into a number of bins, and the maximum particle height in each bin was then averaged to give a ®nal result, with the uncertainty of such a result being approximately O(h).
The theoretical results were obtained via the application to a control volume of Bernoulli's equation, along with a simple mass and momentum balance. This theoretical result was then adjusted in order to take into account that the resulting wall impingement angle alters due to the eect of gravity. This adjustment was made on the basis of free fall arguments, and subsequently has some degree of error associated with it. (The equations used to obtain this result are given in Appendix A). In order for SPH to accurately simulate a real¯uid, a minimum number of particles are required so as to ensure that they adequately model a continuum. For the simulation of the jet at all Reynolds numbers, the number of particles in the downstream¯ow for angles greater than approximately 60 was relatively small; and as a consequence the results for such cases have a higher degree of uncertainty associated with them. Indeed for the higher Reynolds number cases, Re 4000 and 8000, some break up or scattering was observed, and it was necessary in these situations to ®lter out the relatively few scattered particles, especially at larger angles.
The agreement between the results in Figs. 3 and 4 is close up until about 50 , at which point for the thinner of the two streams, the experimental results tend to deviate away from those obtained from theory and numerical simulation.
A possible explanation for this deviation is that the error associated with the measuring of the experimental results will tend to be magni®ed for cases in which the stream height is thinner, and as a consequence the experimental results become less meaningful in this situation. The eect of parallax errors will also become more dominant in situations in which the stream height is small. In addition, the numerical results are less meaningful when there are a small number of particles simulating the¯uid, and hence the accuracy of both the experimental and numerical results diminish in this region.
Moving plate
The initial investigation involving the moving plate was undertaken at a Reynolds number of 800 and a Froude number of 4.0. Numerically the setup was similar to the stationary case, except that the particles making up the boundary were driven with the desired velocity (the driving velocity being from right to left in Figs. 5±8).
The behaviour of the impinging jet was then investigated for a plate velocity of 0.5 times the initial jet velocity. Figs. 5 and 6 show the behaviour of the jet for dierent angles. What appears to be evident from these preliminary simulations is the presence of undesirable and somewhat unphysical voids; this is particularly the case in Fig. 6 . This erratic behaviour is most likely due to a lack of resolution, especially at the boundary layer, and as a consequence these results must be viewed with a measured degree of scepticism.
Another investigation involving a higher resolution was then carried out at a Reynolds number of 50. However in this case two Froude numbers were considered, these being 1 and 4. These results are shown in Figs. 7 and 8. In this case undulations are observed in the thinner of the two streams, hence suggesting that the moving plate can cause some spatial variation in coating thickness. However an investigation involving a higher resolution in the thinner stream is required before any ®rm conclusions can be made. In should be noted that these results are awaiting experimental validation.
For all the cases listed above, the numerical results were obtained using a two-dimensional SPH model.
Conclusions
SPH has been shown to predict well the heights of the streams associated with the impingement of a plane jet onto a stationary plate. The preliminary results, involving the impingement onto a moving plate, suggest that under such conditions spatial variation in the height of at least one of the streams can be observed. Applying these equations to the jet system results in four non-linear equations in four unknowns which can be solved numerically. Note that h Ã refers to the angle of impingement corrected for the alteration caused by the fall under the eect of gravity.
